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Recently published formulas for the calculation of two-center nuclear attraction inte-
grals (T. Özdoğan, S. Gümüş and M. Kara, J. Math. Chem. 33 (2003) 181) are critically
analyzed. It is shown that the analytical relations presented in this work are not original
and they can easily be derived by means of a simple algebra from the formulas for over-
lap integrals, their rotation coefficients and expansion of the product of two normal-
ized associated Legendre functions in elliptical coordinates published in our papers (I.I.
Guseinov, J. Phys. B 3 (1970) 1399; Phys. Rev. A 32 (1985) 1864; J. Mol. Struct.: Theo-
chem 336 (1995) 17).
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1. Introduction

The evaluation of two-center nuclear attraction integrals over integer and
noninteger n-slater-type orbitals (STOs) is of fundamental importance in the
study of molecular systems. These integrals arise not only in their own right,
but are also central to the calculation of the multicenter electron-repulsion and
three-center nuclear attraction integrals based on the translation formulas given
by the present author for the expansion of STOs about a new center. It should
be noted that two-center integrals of nuclear attraction of types 〈a |(1/ra)| b〉 and
〈a |(1/rb)| b〉 can be expressed by overlap integrals [1]. Recently, Özdoğan et al.
[2] published the formulas for the calculation of two-center nuclear attraction
integrals of these types. In this Comment we demonstrate that the results pub-
lished by these authors in two-center nuclear attraction integrals are not original
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and can be easily derived from the formulas for overlap integrals published in
our papers.

2. Theory

It is well known that the two-center nuclear attraction integrals over nor-
malized complex or real STOs in the molecular coordinate system (nonlined-up
coordinate systems) are defined by the following formulas [1]:

Unlm,n′l′m′(ζ, ζ ′; R, θ, ϕ) =
∫

χ∗
nlm(ζ, �ra)

1
rb

χn′l′m′(ζ ′, �ra)dV , (1)

U
(A)
nlm,n′l′m′(ζ, ζ ′; R, θ, ϕ) =

∫
χ∗

nlm(ζ, �ra)
1
ra

χn′l′m′(ζ ′, �rb)dV , (2)

U
(B)
nlm,n′l′m′(ζ, ζ ′; R, θ, ϕ) =

∫
χ∗

nlm(ζ, �ra)
1
rb

χn′l′m′(ζ ′, �rb)dV , (3)

where (R, θ, ϕ) are the spherical coordinates of radius vector �R ≡ �Rab = �ra − �rb

and

χnlm(ζ, �r) = Rn(ζ, r)Slm(θ, ϕ), (4)

Rn(ζ, r) = (2ζ )n+1/2[�(2n + 1)]−1/2rn−1e−ζ r . (5)

Here, n is the integer or noninteger principal quantum number and �(n) is the
gamma function.

Taking into account the relation

1
r
Rn(ζ, r) = 2ζ

[
�(2n − 1)

�(2n + 1)

]1/2

Rn−1(ζ, r), (6)

it is easy to show that the nuclear attraction integrals (2) and (3) are expressed
through the two-center overlap integrals:

U
(A)
nlm,n′l′m′(ζ, ζ ′; R, θ, ϕ) = 2ζ

[
�(2n − 1)

�(2n + 1)

]1/2

Sn−1lm,n′l′m′(ζ, ζ ′; R, θ, ϕ), (7)

U
(B)
nlm,n′l′m′(ζ, ζ ′; R, θ, ϕ) = 2ζ ′

[
�(2n′ − 1)

�(2n′ + 1)

]1/2

Snlm,n′−1l′m′(ζ, ζ ′; R, θ, ϕ), (8)

where overlap integrals are defined by

Snlm,n′l′m′(ζ, ζ ′; R, θ, ϕ) =
∫

χ∗
nlm(ζ, �ra)χn′l′m′(ζ ′, �rb) dV . (9)

Using equation (7) for n → n+1 and n′ → n′ −1 in equation (8) we can express
the U(B)-integral through the U(A)-integral:
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U
(B)
nlm,n′l′m′(ζ, ζ ′; R, θ, ϕ)

= ζ ′

ζ

[
�(2n + 3)�(2n′ − 1)

�(2n + 1)�(2n′ + 1)

]1/2

U
(A)

n+1lm,n′−1l′m′(ζ, ζ ′; R, θ, ϕ), (10)

and, conversely,

U
(A)
nlm,n′l′m′(ζ, ζ ′; R, θ, ϕ)

= ζ

ζ ′

[
�(2n − 1)�(2n′ + 3)

�(2n + 1)�(2n′ + 1)

]1/2

U
(B)

n−1lm,n′+1l′m′(ζ, ζ ′; R, θ, ϕ). (11)

Hence, we have only two kinds of independent two-center nuclear attraction inte-
grals, namely, equation (1) and one of equations (2) and (3) which is reduced to
the two-center overlap integrals.

The authors of [2–4] published the formulas for the evaluation of over-
lap integrals (9), and nuclear attraction integrals (2) and (3) which, by the use
of equations (7) and (8), can be expressed through the overlap integrals. In [5]
we proved that the published in [3,4] results for two-center overlap integrals in
lined-up coordinate systems and expansion of the product of two normalized
associated Legendre functions in elliptical coordinates can easily be derived from
our papers [6–8] by changing the summation indices and application of a sim-
ple algebra. In this Comment we show that the presented in [2] formulas for the
calculation of two-center nuclear attraction integrals in nonlined-up coordinate
systems based on the results of [3,4] can also be derived from the formulas of
our articles [5–9].

For the evaluation of integral (9) relative to nolined-up coordinate sys-
tem in [7] (see also [9]) we established the following relation for the rotation of
two-center overlap integrals with integer and noninteger n-STOs:

Snlm,n′l′m′(ζ, ζ ′; R, θ, ϕ) =
min(l,l′)∑

λ=0

T λ∗
lm,l′m′(θ, ϕ)Snlλ,n′l′λ(ζ, ζ ′; R, 0, 0). (12)

Here Snlλ,n′l′λ(ζ, ζ ′; R, 0, 0) and T λ
lm,l′m′(θ, ϕ) are the two-center overlap integrals

in lined-up coordinate systems and the rotation coefficients, respectively:

Snlλ,n′l′λ(ζ, ζ ′; R, 0, 0) = (−1)l
′−λNnn′(p, t)

∑
αβq

g
q

αβ(lλ, l′λ)Q
q

n−α,n′−β(p, t), (13)

T λ
lm,l′m′ (θ, ϕ) = 2

(1 + δλ0) [(1 + δm0) (1 + δm′0)]
1/2

1∑
i=−1

(2)
l+l′∑

L=|l−l′|

(2)

(εm0)
δi,ε

mm′

×Cll′L
iγ,γ ′,iγ+γ ′C

ll′L
λ,−λ,0

[
2π

(
1 + δMi0

)
2L + 1

]1/2

SLMi
(θ, ϕ) , (14)
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where γ = |m|, γ ′ = ∣∣m′∣∣ and Mi = εmm′
∣∣iγ + γ ′∣∣. In equation (14) the symbol∑

(2) indicates that the summation is to be performed in steps of two. For γ = γ ′

and εmm′ = −1 terms with a negative value of index I (i = −1) contained in equa-
tion (14) should be equated to zero. We notice that the symbol εmm′ in equation
(14) may have the values ±1 and is determined by the product of the signs m and
m′ (the sign of zero is regarded as positive). The quantities C in equation (14) is
the Clebsch–Cordan coefficients in the case of our phases (Y ∗

lm = Yl−m, see [9]).

Q
q

n,n′(p, t) =
∫ ∞

1

∫ 1

−1
(µν)q(µ + ν)n(µ − ν)n

′
e−pµ−ptν dµ dν

=
∑
m=0

Fm(n, n′)An+n′+q−m(p)Bq+m(pt), (15)

where p = R
2 (ζ + ζ ′), t = ζ−ζ ′

ζ+ζ ′ , 0 � m � n + n′ for integer n, 0 � m � ∞ for noninte-
ger n and Fm(n, n′) is the generalized binomial coefficient defined by

Fm(n, n′) =
∞∑

σ=0

(−1)σFm−σ (n)Fσ (n′), (16)

Fm(n) =
{

n!/[m!(n − m)!] for integer n

(−1)m�(m−n)

m!�(−n)
for noninteger n.

(17)

The terms with negative factorials in equation (16) do not contribute to the sum-
mation.

By changing the summation indices we obtained in [5] an alternative expan-
sion to equation (13) based on the formulas for the expansion of the product
of two normalized associated Legendre functions in elliptical coordinates estab-
lished in [6]:

Snlλ,n′l′λ(ζ, ζ ′; R, 0, 0) = (−1)l
′−λNnn′(p, t)

∑
kk′us

akk′
us (lλ, l′λ)

×
∑

h

Fh(n − l + 2k + 2k′ + 2λ − 2u, n′ − l′)

×Ai ′(p)Bj (pt), (18)

where i ′ = i+1, i = γ +s−h−1, γ = (n+n′)−(l+ l′)+2(k+k′ +λ)−2u, 0 � h � γ

for integer n, 0 � h � ∞ for noninteger n and j = s +h. See [5] for the exact defi-
nition of other quantities and indices in equations (12)–(18).

Now we are in a position to obtain the formulas published by Özdoğan,
et al. [2] from the above mentioned relationships. Substituting equations (12)
and (18) into equations (7) and (8) one gets equations (4)–(9) of [2]. It should
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be noted that all of the formulas presented in [3] and [4] for the calculation of
two-center overlap, and nuclear attraction integrals in lined-up coordinate sys-
tems can also be derived, as shown in [5], from the equations (7), (8) and (18).

Thus, the formulas published in [2–4] for the calculation of two-center
overlap and nuclear attraction integrals over integer and noninteger n-STOs in
nonlined-up and lined-up coordinate systems are derived from the use of estab-
lished in our papers formulas for two-center overlap integrals [5–9]. We notice
that, by means of relations for nuclear attraction integrals (1) and overlap inte-
grals (9) presented in our papers we have had considerable success in the calcu-
lation of multicenter molecular integrals using translation formulas for STOs the
expansion coefficients of which are expressed in terms of overlap integrals (See,
e.g. [10,11]).
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